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Abstract
The recently introduced anomaly-free twistor string in 4 dimensions is further ex-
plored. The spectrum based on the physical states and its Minkowski interpretation
are examined. Scattering amplitudes with vertex operators involving gravitons and
fermions are computed and are compared with Einstein-Yang-Mills amplitudes. Tree
and one-loop scattering amplitudes are shown to have proper unitary factorization
properties. Finally a string field theory is proposed.
1
1 Introduction
Recently a 4 dimensional anomaly-free twistor string has been presented [1]. The target
space is twistor space with its dual, the string contains a target bi-twistor and a target
fermionic bi-spinor, both being worldsheet spinors of conformal weight 12 , and besides
being coupled to two-dimensional worldsheet gravity, the model is gauged with regards
to a rotational SU(2) symmetry between the two twistors. Additionally the conformal
translations between the twistors and between twistors and fermions are gauged as well.
It was shown that this string is anomaly-free with nilpotent BRST charge and reproduces
the familiar NkMHV amplitudes of N=8 supergravity [2, 3].
In this follow-up paper the properties of the string are explored in more detail. We
limit ourselves entirely to the closed left-moving string because it already provides all the
interesting features. The spectrum of the string is analyzed with help of vertex operators
for all known physical states and is shown to have rich variety. There are four gravitons.
One of them leads to expected gravitational amplitudes, the others do not. The remainder
of the spectrum exhibits an SU(4) target R symmetry from the fermionic spinors and
an SU(2) symmetry from the bi-twistors. What is particularly interesting is that with
a judicious choice of an SU(2) representation, it includes three generations of fermionic
content of the Pati-Salam model [4]. Scattering amplitudes involving vertex operators
with gravitons and fermions look like the Einstein-Yang-Mills (EYM) amplitudes of [5].
These new amplitudes and also the tree and one-loop scattering amplitudes computed in
[1] exhibit expected unitary factorization. Finally, a string field theory along the lines of
[6] and [7] is proposed.
In appendix A we list some basic properties of the string, including vacuum normaliza-
tion, picture changing operators (PCO), and a list of physical states.
In section 2 we look at fixed vertex operators which produce the physical states identified
in appendix A and are directly related to Penrose transforms. The Neveu-Schwarz (NS)
sector has two gravitons, chosen to be in an SU(2) singlet representation. One of them
reproduces the proper gravitational amplitudes, but the other one does not. For the latter
a question is raised whether it actually represents a massless particle. The NS sector
also contains 16 spin 32 fermions and 22 vector bosons in SU(4) representations of the R
symmetry. There are neither spin 12 fermions nor scalars in the NS sector. The spectrum
in the Ramond (R) sector is much richer and contains two gravitons and particles of spin
3
2 , 1,
1
2 , and 0 in SU(4) representations. The gravitons are again taken to be in an SU(2)
singlet representation, but for the other particles the SU(2) representation is left open.
One interesting observation is that there is a 24-dimensional SU(4) representation for spin
1
2 fermions that, when chosen to be in a fundamental SU(2) representation, makes up an
SU(2) doublet of six fundamental SU(4) representations, reminiscent of the Pati-Salam
model [4]. The gravitons in the R sector lead to improper gravitational amplitudes.
In section 3 we find a few integrated vertex operators for external gravitons and
fermions, and compute tree scattering amplitudes in the NS sector that are shown to
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match the single-trace EYM amplitudes of [5] for certain collections of fermions.
In section 4 we investigate the factorization of the scattering amplitudes of section 3
and the ones computed in [1]. This is done by modeling separating and non-separating
degenerations of the worldsheet. The resulting amplitude can then be interpreted as con-
taining one or two additional particles propagating on-shell with proper factorization. In
particular, it is shown explicitly that the non-separating factorization of the four-graviton
one-loop amplitude leads to the expected result.
In section 5 a string field theory is sketched out taking clues from [7] and [6]. The
classical limit, if it exists, shows resemblance to twistor actions proposed in the literature
[8].
The last section contains summary and outlook.
In the following sections the notation of appendix A for twistor, fermionic, ghost, and
anti-ghost fields and for the BRST charge and current components will be adopted every-
where.
2 Vertex Operators and Spectrum
We define fixed vertex operators for every physical state listed at the end of appendix A.
They are in ghost number 1 of every fermionic ghost field and picture number −1 for every
bosonic ghost, and, therefore, are all multiplied with the ghost factor
GF= c
3∏
r=1
gr
2∏
α,α˙=1
 2∏
i,j=1
eα˙αij
2∏
i,j,l=1
δ(γαα˙ijl )
 . (2.1)
First we extend the vertex operators of [1] to include fermions. A typical fixed vertex
operator for the NS sector is
Vi= GF
∫
dt
t3
:
2∏
s=1
(
δ2(ρi−tλs(z)) δ2(ηis−tφs(z))
)
eit
∑2
s=1
([ρ˜iµs(z)]+[η˜isψs(z)]): ,
V˜i= GF
∫
dt
t3
:
2∏
s=1
(
δ2(ρ˜i−tλ˜s(z)) δ2(η˜is−tφ˜s(z))
)
eit
∑2
s=1
(〈µ˜s(z)ρi〉+〈ψ˜s(z)ηis〉): ,
(2.2)
where we used the notation 〈ρµ˜〉= ραµ˜α = ǫβαρβµ˜α, [ρ˜µ] = ρα˙µα˙ = ǫβ˙α˙ρβ˙µα˙.
(2.2) describes a plane wave for a massless particle with momentum pαα˙i ∼ ραi ρ˜α˙i . The
ηis and η˜is are Grassmann odd variables similar to the ones used for supermomenta in
supersymmetric models and are used here for convenience. These vertex operators are
BRST-closed. Actually, using the operator product expansion one ends up with terms
proportional to
(eα˙αij ∂e
α˙α
ij )(z) , (∂γ
αα˙
1isδ(γ
αα˙
1is))(z) , (∂γ
α˙α
2isδ(γ
α˙α
2is))(z) , (g
r∂gr)(z) . (2.3)
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But these operators do not contribute to the cohomology of Q, therefore, give zero contri-
butions on-shell, and will be discarded, here and for all vertex operators listed from now
on 1.
Additional BRST-closed fixed vertex operators that include dual matter fields are in
both the NS sector and the R sector2:
V
(0)
ir =GF
∫
dt
t2
: [ρ˜iλ˜r(z)]
2∏
s=1
(
δ2(ρi−tλs(z)) δ2(ηis−tφs(z))
)
eit
∑2
s=1
([ρ˜iµs(z)]+[η˜isψs(z)]): ,
V˜
(0)
ir =GF
∫
dt
t2
:〈ρiλr(z)〉
2∏
s=1
(
δ2(ρ˜i−tλ˜s(z)) δ2(η˜is−tφ˜s(z))
)
eit
∑2
s=1
(〈µ˜s(z)ρi〉+〈ψ˜s(z)ηis〉): ,
(2.4)
V
(1)
ir =GF
∫
dt
t2
: [η˜irφ˜r(z)]
2∏
s=1
(
δ2(ρi−tλs(z)) δ2(ηis−tφs(z))
)
eit
∑2
s=1
([ρ˜iµs(z)]+[η˜isψs(z)]): ,
V˜
(1)
ir =GF
∫
dt
t2
:〈ηirφr(z)〉
2∏
s=1
(
δ2(ρ˜i−tλ˜s(z)) δ2(η˜is−tφ˜s(z))
)
eit
∑2
s=1
(〈µ˜s(z)ρi〉+〈ψ˜s(z)ηis〉): .
(2.5)
Vertex operators exclusively in the R sector involving derivatives of matter fields are:
V
(2)
ir = GF
∫
tdt :〈λr(z)∂λr(z)〉
2∏
s=1
(
δ2(ρi−tλs(z)) δ2(ηis−tφs(z))
)
eit
∑2
s=1
([ρ˜iµs(z)]+[η˜isψs(z)]): ,
V˜
(2)
ir = GF
∫
tdt :[λ˜r(z)∂λ˜r(z)]
2∏
s=1
(
δ2(ρ˜i−tλ˜s(z)) δ2(η˜is−tφ˜s(z))
)
eit
∑2
s=1
(〈µ˜s(z)ρi〉+〈ψ˜s(z)ηis〉): ,
(2.6)
V
(3)
ir = GF
∫
dt :〈ηir∂φr(z)〉
2∏
s=1
(
δ2(ρi−tλs(z)) δ2(ηis−tφs(z))
)
eit
∑2
s=1
([ρ˜iµs(z)]+[η˜isψs(z)]): ,
V˜
(3)
ir = GF
∫
dt : [η˜ir∂φ˜r(z)]
2∏
s=1
(
δ2(ρ˜i−tλ˜s(z)) δ2(η˜is−tφ˜s(z))
)
eit
∑2
s=1
(〈µ˜s(z)ρi〉+〈ψ˜s(z)ηis〉): .
(2.7)
Now we are ready to examine the Minkowski interpretation of the particle content of
the model, by looking at the linearized Penrose transforms of the vertex operators, with
1In [1] this was done implicitly without special mentioning.
2As the vertex operators refer to plane waves, they are in the R sector necessarily given in coordinates
on the cylinder.
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the V
(·)
··· s and V˜
(·)
··· s referring to particles with opposite helicity. As already mentioned,
at the end of appendix A physical states in the cohomology of the BRST operator have
been identified. It is quite possible that they make up a complete set of physical states,
although there is no proof. When listing the particle content we display representations
of the R symmetry for the fermionic bi-spinors φiαi and φ˜jα˙j which is SU(4) for each of
them. Notice that without supersymmetry there is no requirement that the states are in an
adjoint representation of a super multiplet. Concerning the SU(2) symmetry between the
two twistors which is also a target symmetry we assume that spin 2 particles (gravitons)
are in an SU(2) singlet state. The SU(2) representation for other states are predetermined
in the NS sector, but in the R sector they are left open, with one exception (see below).
The contribution of the ghost factor GF to the physical states affecting normalization is
omitted here and will be dealt with in section 5.
Table 1 displays the spectrum in the NS sector. There are no spin 12 or spin 0 particles.
Notice that the last two rows have the same physical states as the previous two, with
opposite helicities. One pair of these states make up a second graviton, that leads to
improper gravitational tree scattering amplitudes, as can be deduced from the fact that
in tree scattering amplitudes there are more contractions between matter fields in each
helicity set compared to the other graviton, most easily seen in a 3-point MHV amplitude
(which vanishes for the second graviton like for conformal gravity). On the other hand,
one can argue that the states λiα−1
2
λ˜jβ˙−1
2
, even after gauging the SU(2) symmetry and
choosing just one representative, contain two different twistor oscillator modes, one from
twistor space and one from the dual, and should lead to Penrose transforms involving these
multiple twistors in a symmetric fashion such that there is no guarantee that they refer
to massless particles [9, 10] (the target space is not limited to ambitwistor space). With
other words, λiα−1
2
λ˜jβ˙− 1
2
might not refer to a massless graviton at all and the plane wave
vertex operators V
(0)
kj and V˜
(0)
ki might not be suitable. For instance, a more appropriate
vertex operator symmetric in the dual twistors might be
V∼ GF
∫
dtdt˜
t2t˜2
:
2∏
i=1
(
δ2(ρ1−tλi(z))eit[ρ˜1µi(z)] δ2(ρ˜2− t˜λ˜i(z))eit˜〈ρ2µ˜i(z)〉
)
:,
and we would not have to assign particles with opposite helicities to the same states which
by itself is an argument against the appropriateness of the vertex operators V
(0)
kj and V˜
(0)
ki
in the NS sector (this argument also applies to the use of V
(1)
kj and V˜
(1)
ki for the φiα−1
2
φ˜jβ˙− 1
2
states). But so far the author does not have clarity about what these states represent, and
table 1 stays unaltered for now.
Table 2 displays the spectrum in the R sector. Here we assume that spin 12 particles
belonging to states of the form [φ˜i−1f(λk0,φs0)], 〈φi−1g(λk0,φs0)〉 ,〈φi−1f˜(λ˜k0,φ˜s0)〉, and
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Oscillators Vertex Op (Helicity| SU(4), SU(2))
ǫijαβ1 λiα−1
2
λjβ− 1
2
Vk (2|1,1)
ǫijαβ2 λiα−1
2
φjβ−1
2
Vk (
3
2 |4¯, 2¯)
ǫijαβ˙3 λiα−1
2
φ˜jβ˙−1
2
V
(1)
kj (
3
2 |4, 2¯)
ǫijαβ4 φiα−1
2
φjβ−1
2
Vk (1|6,1)
ǫijα˙β˙5 λ˜iα˙−1
2
λ˜jβ˙−1
2
V˜k (-2|1,1)
ǫijα˙β˙6 λ˜iα˙−1
2
φ˜jβ˙−1
2
V˜k (-
3
2 |4,2)
ǫijα˙β7 λ˜iα˙−1
2
φjβ−1
2
V˜
(1)
kj (-
3
2 |4¯,2)
ǫijα˙β˙8 φ˜iα˙−1
2
φ˜jβ˙−1
2
V˜k (-1|6,1)
ǫijαβ˙9 λiα−1
2
λ˜jβ˙−1
2
V
(0)
kj (2|1,1)
ǫijαβ˙10 φiα−1
2
φ˜jβ˙− 1
2
V
(1)
kj (1|15 ⊕ 1,1)
ǫijαβ˙9 λiα−1
2
λ˜jβ˙−1
2
V˜
(0)
ki (-2|1,1)
ǫijαβ˙10 φiα−1
2
φ˜jβ˙− 1
2
V˜
(1)
ki (-1|15 ⊕ 1,1)
Table 1: NS Sector. The last 2 rows refer to the same states as the previous 2, but for
different vertex operators and helicities.
[φ˜i−1g˜(λ˜k0,φ˜s0)] are in the fundamental SU(2) representation. The reason for this is that
with this choice the spectrum contains 3 generations of the fermionic particle content of
the Pati-Salam model [4]3. It is interesting to note that all helicity states occur twice,
reflecting the symmetry between matter fields and their duals. Like in the NS sector ver-
tex operators V
(0)
kj , V˜
(0)
kj , V
(2)
kj and V˜
(2)
kj with no fermions refer to graviton-like excitations
3This assumes that one does not decompose the product 4⊗6 or 4⊗6 into irreducible representations
20⊕4 or 20⊕4, respectively.
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Oscillators Vertex Op (Helicity| SU(4), SU(2))
[λ˜j−1fj(λk0,φs0)] V
(0)
ij (2|1, 1), (32 |4, ·), (1|6, ·), (12 |4, ·), (0|1, ·)
〈λj−1gj(λk0,φs0)〉 V(2)ij (0|1, ·), (−12 |4, ·), (−1|6, ·), (−32 |4, ·), (−2|1, 1)
[φ˜r−1f(λk0,φs0)] V
(1)
ir (
3
2 |4, ·), (1|4⊗4, ·), (12 |4⊗6, 2), (0|4⊗4, ·), (−12 , 4, ·)
〈φr−1g(λk0,φs0)〉 V(3)ir (12 |4, ·), (0|4⊗4, ·), (−12 |4⊗6, 2), (−1|4⊗4, ·), (−32 , 4, ·)
〈λj−1f˜j(λ˜k0,φ˜s0)〉 V˜(0)ij (−2|1, 1), (−32 |4, ·), (−1|6, ·), (−12 |4, ·), (0|1, ·)
[λ˜j−1g˜j(λ˜k0,φ˜s0)] V˜
(2)
ij (0|1, ·), (12 |4, ·), (1|6, ·), (32 |4, ·), (2|1, 1)
〈φr−1f˜(λ˜k0,φ˜s0)〉 V˜(1)ir (−32 |4, ·), (−1|4⊗4, ·), (−12 |4⊗6, 2), (0|4⊗4, ·), (12 , 4, ·)
[φ˜r−1g˜(λ˜k0,φ˜s0)] V˜
(3)
ir (−12 |4, ·), (0|4⊗4, ·), (12 |4⊗6, 2), (1|4⊗4, ·), (32 , 4, ·)
Table 2: R Spectrum. The gravitons are assumed to be in an SU(2) singlet and fermions
in a 24-dimensional SU(4) representation to be in an SU(2) fundamental representation.
All helicity states have double occurrence.
that do not have the proper gravitational tree scattering amplitudes (they have vanish-
ing 3-point MHV amplitudes). Although again these are exactly the vertex operators for
states involving more than one twistor oscillator mode usually with no guarantee to be
associated with massless particles, the situation is different from the NS sector because the
homogeneous functions in the vertex operators are functions of only the zero modes, with
the non-zero mode appearing as a single linear factor, such that the interpretation of these
states as massless particles of a particular helicity is less controversial.
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Another interesting point in the R sector is that, when looking at table 2, one can notice
a strong resemblance with part of the conformal supergravity spectrum of the Berkovits-
Witten twistor string with N=4 supersymmetry [11, 12]. The main difference is that our
model has an additional SU(2) symmetry, it is also symmetric between matter fields and
their duals, related with each other through a Fourier transformation [11], and because
of the gauging of the conformal translations it does not contain the states thought of
being responsible for the lack of unitarity in the Berkovits-Witten model of conformal
supergravity[11].
3 EYM Scattering Amplitudes with External Gravitons and
Gluons
To compute scattering amplitudes it is advantageous to know simple formulae of integrated
vertex operators in addition to fixed ones. Because of the SU(2) symmetry of the bi-twistor
all physical states are in some SU(2) representation. To keep it simple, for SU(2) singlet
vertex operators, we work in a special gauge and consider just one of the two twistors
by disregarding the corresponding g ghosts and omitting the index on the twistor fields.
Further down we will present an integrated vertex operator that is BRST invariant under
the full BRST charge including the SU(2) ghosts (see (3.5)). This will make evident that
the gauge-invariant tree and one-loop scattering amplitudes dealt with in this paper are
not affected by the gauge choice for the bosonic twistors.
In the sector without fermions integrated vertex operators associated to Vi and V˜i in
(2.2) can be identified with the pure gravitational ones considered in [1]. Using notation
(3.2) they are listed here again, modified to extend them to the full Hilbert space:
V
(g)
i = lim
ηiq→0
∫
dt
t2
dz
(
[λ˜(z)ρ˜i]− it [ρ˜i|e(z)|ρi〉 〈s|f(z)|ρ˜i]〈ρis〉
)
δ2(ρi−tλ(z))
2∏
q=1
δ2(ηiq − tφq(z)) eit[µ(z)ρ˜i ],
V˜
(g)
i = lim
η˜iq→0
∫
dt
t2
dz
(
〈λ(z)ρi〉+ it 〈ρi|e(z)|ρ˜i] [s˜|f(z)|ρi〉
[ρ˜is˜]
)
δ2(ρ˜i−tλ˜(z))
2∏
q=1
δ2(η˜iq − tφ˜q(z)) eit〈µ˜(z)ρi〉,
(3.1)
where the limit is to be taken at the end when calculating scattering amplitudes, where we
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used the notation
〈ρ|e(z)|ρ˜] = ραeα˙α(z)ρ˜α˙ = ǫβαǫα˙β˙eα˙α(z)ρβ ρ˜β˙ = [ρ˜|e(z)|ρ〉, (3.2)
and where sα and s˜α˙ are reference spinors chosen such that 〈ρi s〉 6= 0 (∀Vir) and [ρ˜j s˜] 6=
0 (∀V˜jr). The reference spinors serve as projection operators [1]. These extended vertex
operators are BRST-closed (when disregarding the SU(2) ghosts and ~H currents of (A.1)
and after taking the limit) and lead to the same gravitational NkMHV amplitudes as the
ones in [1], up to a constant.
Integrated vertex operators for V
(0)
i· and V˜
(0)
i· in (2.4) just have an additional factor of
[λ˜(z)ρ˜i] or 〈λ(z)ρi〉 in the integrand:
V
(g0)
i = lim
ηiq→0
∫
dt
t2
dz [λ˜(z)ρ˜i]
(
[λ˜(z)ρ˜i]− it [ρ˜i|e(z)|ρi〉 〈s|f(z)|ρ˜i]〈ρis〉
)
δ2(ρi−tλ(z))
2∏
q=1
δ2(ηiq − tφq(z)) eit[µ(z)ρ˜i ],
V˜
(g0)
i = lim
η˜iq→0
∫
dt
t2
dz 〈λ(z)ρi〉
(
〈λ(z)ρi〉+ it 〈ρi|e(z)|ρ˜i] [s˜|f(z)|ρi〉
[ρ˜is˜]
)
δ2(ρ˜i−tλ˜(z))
2∏
q=1
δ2(η˜iq − tφ˜q(z)) eit〈µ˜(z)ρi〉,
(3.3)
Integrated vertex operators associated to Vi, V˜i in (2.2) and V
(1)
ir , V˜
(1)
ir in (2.5) describ-
ing states with fermions can look like:
V
(x)
ir =
∫
dt
t
dz
[
[λ˜(z)ρ˜i]+it
[ρ˜i|e(z)|ρi〉+ 2∑
q=1
[ρ˜i|γ2·q(z)|ηiq〉
〈s|f(z)|ρ˜i]
〈ρis〉 −
2∑
q=1
〈σ|β2·q(z)|ρ˜i]
〈ηiqσ〉
]
[φ˜r(z)η˜ir]
x
[φ˜r(z)η˜ir] + it 2∑
q=1
[η˜iq|γ1·q(z)|ρi〉 〈s|β1·r(z)|η˜ir ]〈ρis〉

δ2(ρi−tλ(z))
2∏
q=1
δ2(ηiq − tφq(z)) exp
it
[µ(z)ρ˜i] + 2∑
q=1
[ψq(z)η˜iq ]
 , (3.4)
V˜
(x)
ir =
∫
dt
t
dz
[
〈λ(z)ρi〉−it
〈ρi|e(z)|ρ˜i]− 2∑
q=1
〈ρi|γ1·q(z)|η˜iq]
[s˜|f(z)|ρi〉
[ρ˜is˜]
+
2∑
q=1
[σ˜|β1·q(z)|ρi〉
[η˜iqσ˜]
]
〈φr(z)ηir〉x
〈φr(z)ηir〉+ it 2∑
q=1
〈ηiq|γ2·q(z)|ρ˜i] [s˜|β2·r(z) |ηir〉
[ρ˜is˜]

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δ2(ρ˜i−tλ˜(z))
2∏
q=1
δ2(η˜iq−tφ˜q(z)) exp
it
〈µ˜(z)ρi〉+ 2∑
q=1
〈ψ˜q(z)ηiq〉
 ,
where x= 0 when associated to Vi and V˜i and x= 1 when associated to V
(1)
ir and V˜
(1)
ir ,
and where this time it is additionally assumed that there are Grassmann odd numbers
ǫ, ǫ′, ǫ˜, and ǫ˜′ such that ηiq = ǫρi(∀Vir, q=1,2) and η˜iq = ǫ˜ρ˜i(∀V˜ir, q=1,2), and σ = ǫ′s and
σ˜ = ǫ˜′s˜ are Grassmann odd reference spinors fulfilling 〈ηiq σ〉〈ηjq σ〉 =
〈ρi s〉
〈ρj s〉 (∀Vir, Vjs, q=1,2) and
[η˜iq σ˜]
[η˜jq σ˜]
= [ρ˜i s˜][ρ˜j s˜] (∀V˜ir, V˜js, q = 1,2). On the other hand, the dual Grassmann spinors should
satisfy η˜iq 6= ǫ˜ρ˜i(∀Vir, q = 1,2) (in addition to ηiq = ǫρi) and ηiq 6= ǫρi(∀V˜ir, q = 1,2) (in
addition to η˜iq = ǫ˜ρ˜i) otherwise contractions between fermion fields would vanish in scat-
tering amplitudes. These vertex operators are BRST-closed when disregarding the SU(2)
ghosts and ~H currents in (A.1), and contractions from the fermionic ghost and one of the
bosonic ghosts between vertex operators of the same helicity set always cancel4.
We take here the opportunity to provide an example of an integrated vertex operator in
an SU(2) doublet representation and without gauge fixing the bosonic twistor by rewriting
the vertex operator (3.4) for x=0 using the SU(2) projection operator:
Vρrt=
∫
SU(2)
dµ(g)
dt
t2
dz
[
[λ˜g−1)r(z)ρ˜r]+it
 2∑
i,j=1
[ρ˜i|(geg−1)ij(z)|ρj〉+
2∑
i,q=1
[ρ˜i|(gγ2)iq(z)|ηq〉

 2∑
i=1
〈si|(gfg−1)ir(z)|ρ˜r]
2〈ρisi〉 −
2∑
q=1
〈σ|(β2g−1)rq(z)|ρ˜r]
〈ηqσ〉
]
[φ˜t(z)η˜t + it 2∑
i,q=1
[η˜q|(γ1g−1)iq(z)|ρi〉 〈si|(gβ1)it(z)|η˜t]
2〈ρisi〉
 (3.5)
2∏
i=1
δ2(ρi−t(gλ)i(z))
2∏
q=1
δ2(ηq−tφq(z))exp
[
it
( 2∑
i=1
[(µg−1)i(z)ρ˜i]+
2∑
q=1
[ψq(z)η˜iq]
)]
,
where the indices of ρi, ρ˜i, si, s˜i refer to SU(2) vector components, and where dµ(g) is the
left- and right-invariant Haar measure of SU(2). Vρrt is indeed BRST invariant under the
full BRST charge because of the right-invariance of the Haar measure. (3.5) shows that
instead of transforming the fields one could equivalently transform the ρi, ρ˜j , and the ref-
erence spinors si, s˜j . This way we can get a vertex operator for an SU(2) singlet state by
averaging over the r components.
4For BRST-closedness alone the Grassmann odd variables ηiq and η˜iq do not need to be proportional
to the ρi and ρ˜i, respectively. For that it is only required that the Grassmann odd spinors σ and σ˜ are
chosen such that 〈ηiqσ〉 6= 0 and [η˜iqσ˜] 6= 0. The additional conditions are necessary to make the scattering
amplitudes manifestly independent of the reference spinors.
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Now, we want to consider tree scattering amplitudes in the NS sector with n external
gravitons, k of which have negative helicities, andm vector bosons, q of which have negative
helicities. Without much justification, more out of convenience and because the scattering
amplitudes can be related to EYM amplitudes, we call these vector bosons ’gluons’. We
assume SU(2) singlet states for all involved particles and choose vertex operators (3.1)
and (3.4) for gravitons and gluons, respectively. Actually, to make explicit that we only
consider vector bosons, we use a simplified version of (3.4):
Vir=
∫
dtdz
[
[λ˜(z)ρ˜i]+it
[ρ˜i|e(z)|ρi〉+ 2∑
q=1
[ρ˜i|γ2·q(z)|ηiq〉
〈s|f(z)|ρ˜i]
〈ρis〉 −
2∑
q=1
〈σ|β2·q(z)|ρ˜i]
〈ηiqσ〉
]
[φ˜r(z)η˜ir] 2∑
q=1
[ψq(z)η˜iq ] +
2∑
q=1
[η˜iq|γ1·q(z)|ρi〉 〈s|β1·r(z)|η˜ir]〈ρis〉

δ2(ρi−tλ(z))
2∏
q=1
δ2(ηiq − tφq(z)) eit[µ(z)]ρ˜i , (3.6)
and similarly for V˜ir.
Because of bosonic ghost zero modes we need to use fixed vertex operators with regards
of the γ1,2 ghosts. It will turn out that, with at least one external gluon and just using
the integrated vertex operators (3.6) for all gluons (and dividing by an appropriate GL(1)2
factor), the scattering amplitude would not lead to the desired result (it would actually
vanish, see at the end of the section), unless we choose the fixed vertex operators repre-
senting gluons in a specific way. We use as fixed vertex operators with regards to the γ1,2
ghosts:
Vir=
2∏
l=1
α,α˙=1
δ(γαα˙1·l )
∫
dtdz
[
[λ˜(z)ρ˜i]+it
[ρ˜i|e(z)|ρi〉+ 2∑
q=1
[ρ˜i|γ2·q(z)|ηiq〉

〈s|f(z)|ρ˜i]
〈ρis〉 −
2∑
q=1
〈σ|β2·q(z)|ρ˜i]
〈ηiqσ〉
] 〈φr(z)χir〉(∑
s
[ψs(z)η˜is])
δ2(ρi−tλ(z))
2∏
q=1
δ2(ηiq−tφq(z))eit[µ(z)ρ˜i ],
V˜ir=
2∏
l=1
α,α˙=1
δ(γα˙α2·l )
∫
dtdz
[
〈λ(z)ρi〉−it
〈ρi|e(z)|ρ˜i]− 2∑
q=1
〈ρi|γ1·q(z)|η˜iq]

[s˜|f(z)|ρi〉
[ρ˜is˜]
+
2∑
q=1
[σ˜|β1·r(z)|ρi〉
[η˜irσ˜]
] [φ˜r(z)χ˜ir](∑
s
〈ψ˜s(z)ηis〉) (3.7)
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δ2(ρ˜i−tλ˜(z))
2∏
q=1
δ2 (˜ηiq−tφ˜q(z))eit〈µ˜(z)ρi〉,
where χir and χ˜ir are chosen separately from ηir and η˜ir, otherwise these vertex operators
would vanish on the support of the delta functions.
With these vertex operators a scattering amplitude with at least two external gluons
looks like:
M=
〈
1
vol GL(2,C)
V˜1r1
q∏
j=2
V˜jrj
m−1∏
p=q+1
Vprp Vmrm
k∏
i=1
V˜
(g)
j
n∏
p=k+1
V (g)p
〉
(g)
, (3.8)
where the factor volGL(2,C) comes from three zero-modes of the c ghost and one zero
mode from the e ghosts, and where the subscript (g) at the correlation indicates that one
of the V
(g)
p and one of the V˜
(g)
j do not participate when taking contractions of twistor fields
and fermionic ghost systems.
Without any gluons (i.e. with only vertex operators V (g) and V˜ (g)) the amplitude
reduces to the one considered in [1] yielding the familiar gravitational NkMHV amplitude.
Concerning the amplitude (3.8) it can be noted that many Wick contractions between
vertex operators (3.6) either get omitted or cancel:
• No contractions occur between integrated vertex operators of different helicity, simi-
larly to the pure gravitational amplitudes [1], because their contributions cancel with
an appropriate choice of reference spinors5.
• Contractions of φ˜ and ψ fields between different Vir cancel with contractions between
γ1 and β1 fields and contractions of φ and ψ˜ fields between different V˜ir cancel with
contractions between γ2 and β2 fields, such that contractions with the fixed vertex
operators (3.7) are required to make the amplitude non-vanishing.
It follows that the contractions between fermionic fields are bridged between positive and
negative helicities with help of the fixed vertex operators and factorize out as a Parke-
Taylor factor with the conventional trace of gauge group generators replaced with products
of 〈ηirηjs〉 and [η˜ktη˜qu] (compare with (2.7) of [5]). Regarding contractions between twistor
fields, they occur between all vertex operators in the same helicity set, but one can argue
5As mentioned in footnote 4 the reference spinors can be chosen arbitrarily per vertex operator, but
to make the scattering amplitude manifestly independent of them, they must be chosen the same for all
vertex operators with the freedom to do it separately for every ’Feynman diagram’ contribution to the
amplitude. For instance a contraction between an e ghost from a positive helicity vertex Vir with an f
antighost from a negative helicity vertex V˜js contains a factor [ρ˜is˜] which will be zero by selecting s˜ = ρ˜i
(still with [s˜ρ˜j ] 6= 0(∀V˜jr)) for this summand of the amplitude.
12
that graviton exchange between gluons of the same color trace goes beyond tree scattering
(a single color trace corresponds to Feynman diagrams in which gluons are all connected
and a ’virtual’ graviton exchange between them would introduce a loop on a field theoretical
level). Although this argument goes beyond the scope of our twistor string model (twistor
exchange among gluons are not disallowed in tree scattering), we will skip all twistor and
related fermionic ghost correlations between gluons in the same ’color trace’. The result
for a ’single trace’ (i.e. with no twistor correlations between any gluons) looks then very
similar to the EYM amplitude of [5]:
Msingle
trace
=
∫ ∏
i∈g∪g˜
dti
ti
∏
j∈h∪h˜
dtj
t3j
det′Φ det′Φ˜
volGL(2,C)
PT
∏
r∈g∪h
δ2(ρr−trλ(zr))
∏
l∈g˜∪h˜
δ2(ρ˜l−tlλ˜(zl)) (3.9)
lim
ηrs→0(∀r∈h)
η˜ls→0(∀l∈h˜)
〈 ∏
r∈g∪h
2∏
s=1
δ2(ηrs − trφs(zr))
∏
l∈g˜∪h˜
2∏
s=1
δ2(η˜ls − tlφ˜s(zl))
〉
,
where g = {q+1, · · ·,m}, g˜ = {1, · · ·, q}, h = {k+1, · · ·, n}, h˜ = {1, · · ·, k}, and λ(zr) and
λ˜(zl) fulfill the scattering equations
λ(zr) =
∑
l∈g˜∪h˜
tlρlS(zr, zl), λ˜(zl) =
∑
r∈g∪h
trρ˜rS(zl, zr),
where
S(z1, z2) =
√
dz1
√
dz2
z1 − z2 (3.10)
is the Szegö kernel for genus 0. Φ is a symmetric (n−k+1)× (n−k+1) matrix, and Φ˜ is a
symmetric (k+1)× (k+1) matrix arising from the Wick contractions between the twistor
and ghost fields appearing in the vertex operators with the following elements:
Φlr = tltr[ρ˜lρ˜r]S(zl, zr) for l, r∈h, Φl |h|+1 =
∑
r∈g
tltr[ρ˜lρ˜r]S(zl, zr) for l∈h ,
Φll = −
∑
r∈h\{l}
Φlr−Φl |h|+1 for l∈h, Φ|h|+1 |h|+1 = −
∑
l∈h
Φl |h|+1 ,
Φ˜lr = tltr 〈ρlρr〉S(zl, zr) for l, r∈ h˜, Φ˜l |h˜|+1 =
∑
r∈g˜
tltr 〈ρlρr〉S(zl, zr) for l∈ h˜ ,
Φ˜ll = −
∑
r∈h˜\{l}
Φ˜lr−Φ˜l |h˜|+1 for l∈ h˜, Φ˜|h˜|+1 |h˜|+1 = −
∑
l∈h˜
Φ˜l |h˜|+1 .
(3.11)
Φ and Φ˜ each have co-rank one with vanishing determinant and det′ indicates the operation
of removing one row and one column before computing the determinant. The result of this
operation is actually independent of the choice of row and column removed.
13
Finally, PT in (3.9) denotes a Parke-Taylor factor of the form
PT = [χ˜1r1 η˜q+1r1 ]S(z1, zq+1) 〈χmrmηqrm〉S(zm, zq)∏
i∈g\{m}
[η˜iri η˜i+1ri ]
∏
i∈g˜\{1}
〈ηi−1ri−1ηiri−1〉
∏
i∈g∪g˜\{q,m}
S(zi, zi+1) + permutations , (3.12)
where permutations run over g and g˜ separately per choice of fixed vertex operators.
We observe that the η and η˜ variables in the second row of (3.9) do not occur in the
Parke-Taylor factor such that the second row in (3.9) only contributes an overall constant
and can be safely disregarded. This way, when ignoring the numerator of the Parke-Taylor
factor, we end up exactly with the formula (2.2) of [5]. This is a remarkable result.
One question to ask is, what would have happened if we had exchanged 〈φr(z)χir〉
(
∑
s[ψs(z)η˜is]) and [φ˜r(z)χ˜ir](
∑
s〈ψ˜s(z)ηis〉) in the fixed vertex operators (3.7) with t−2, as
appropriate for a fixed vertex operator belonging to (3.6)? This would have resulted in full
cancellation of contractions between fermions and associated bosonic ghost systems and,
therefore, in a vanishing amplitude. This is the reason why we had to introduce the special
fixed vertex operators (3.7).
In the next section we examine the factorization properties of this EYM amplitude and
also of the one-loop amplitudes obtained in [1].
4 Factorization of Tree and One-Loop Scattering Ampli-
tudes
To examine the factorization properties of the scattering amplitudes in section 2 and in
section 3 of [1] we take clues from [5, 13]. There are two kinds of worldsheet degenerations:
separating and non-separating. The first can be applied to a worldsheet of any genus, but
the second only to worldsheets of genus ≥ 1.
4.1 Separating Degeneration
We consider first pinching a separating cycle which can be done for both tree and one-
loop amplitudes. The degeneration of the Riemann surface Σ of genus g ∈ {0, 1} (sphere
or torus) into a Riemann sphere ΣL and another Riemann surface ΣR of genus g can be
modeled in terms of local coordinates by
(zL − za)(zR − zb) = s ,
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where za is an extra puncture on ΣL, zb is an extra puncture on ΣR, and in the pinching
limit s → 0 zL is located on ΣL, zR on ΣR, and the point zL = za on ΣL is glued to the
point zR = zb on ΣR.
Near that limit the Szegö kernels behave simply as [5, 13]
S(zi, zj ; τ) =
S(zi, zj ; τ) if zi, zj ∈ ΣL or zi, zj ∈ ΣR ,√s√
dza
√
dzb
S(zi, za)S(zb, zj ; τ) +O(s) if zi ∈ ΣL and zj ∈ ΣR ,
where S(zi, zj ; τ) stands for any of the torus Szegö kernels when ΣR is a torus and is equal
to S(zi, zj) in (3.10) when ΣR (and ΣL by setup) is the Riemann sphere.
Similarly, after inserting [5]
1 =
∫
dtadtb
volC∗
δ
(
tatb − 1√
dza
√
dzb
)
,
1 =
∫
d2λa δ
2(λa − taλ(za)) ,
1 =
∫
d2λ˜b δ
2(λ˜b − tbλ˜(zb)) ,
(4.1)
the determinants of the matrices (3.11) and Parke-Taylor factors (3.12) factorize properly
in the degeneration limit. See [5] for details on the EYM tree scattering amplitudes, but it
can be easily seen that the argumentation there can trivially be extended to the one-loop
amplitudes of [1] which look very similar to the tree scattering amplitude (3.9) without
gluons with the Szegö kernels in gravitational matrices replaced with ones from the torus.
The result of the factorization is equation (3.2) of [5] with a subset of external momenta
going on shell:
lim
(
∑
i∈L
λiλ˜i)2→0
M({λkλ˜k,hk})=
∑
h=±
∫
d2λd2λ˜
volC∗
ML({λiλ˜i, hi}i∈L;λλ˜,h)MR(−λλ˜,−h;{λj λ˜j,hj}j∈R).
(4.2)
Applying this to the one-loop scattering amplitude of [1] in the NS sector, M and MR
are of the form
M({λj λ˜j,hj})=
∫
dτ
Imτ volC∗
n∏
j=1
dtj
t3j
∏
k∈{+}
δ2(λk−tkλ(zk))
∏
l∈{−}
δ2(λ˜l−tlλ˜(zl))
∑
α=2,3,4
detΦαdetΦ˜α Z(τ) ,
(4.3)
where
Φ˜lmα = tltm 〈λlλm〉S1(zl, zm; τ), l 6= m,
Φ˜ llα = −
∑
m6=l
tltm 〈λlλm〉Sα(zl, zm; τ)
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for l,m ∈ {−} = the subset of negative helicities, and
Φrsα = trts [λ˜rλ˜s]S1(zr, zs; τ), r 6= s,
Φrrα = −
∑
s 6=r
trts[λ˜rλ˜s]Sα(zr, zs; τ)
for r, s ∈ {+} = the subset of positive helicities, S1(zi, zj ; τ)/Sα(zi, zj ; τ) are the torus Szegö
kernels for odd/even spin structure, Z(τ) = Imτ−6(η(τ))−24 is the modular-invariant con-
tribution from the one-loop partition function with η(τ) being the Dedekind eta function,
the τ integration can be limited to the fundamental region because of modular invariance,
and MR(· · · ,−h; · · · ) is the same as M with an additional external puncture in {±} for
h ≶ 0. The tree amplitude ML is given by (compare with (3.9) for g ∪ g˜ = ∅)
Mtree =
∫ n∏
j=1
dtj
t3j
det′Φ0 det′Φ˜0
vol GL(2,C)
∏
r∈{+}
δ2(λr−trλ(zr))
∏
l∈{−}
δ2(λ˜l−tlλ˜(zl)) ,
where Φ0 is like Φ1, but with all occurrences of S1(zi, zj ; τ) replaced with S(zi, zj), likewise
for Φ˜0, and where ML(· · · , h) is the same as Mtree with an additional external puncture
in {±} for h ≷ 0. This shows that the one-loop scattering amplitude has the correct sepa-
rating factorization properties which are essential for unitarity.
The analogue situation applies to the one-loop scattering amplitude for odd torus spin
structures in the R sector [1], but it needs to be pointed out that the spin structures on
the sphere and the torus are different, i.e. we are not dealing with NS punctures, but R
punctures, such that the fields satisfy scattering equations on the cylinder and not on the
Riemann sphere, and that the gluing procedure is ’twisted’ between the Riemann sphere
and the torus. More about this can be found in the second half of the next subsection.
4.2 Non-separating Degeneration
We want to check in more detail whether the one-loop amplitude (4.3) factorizes properly
for a non-separating degeneration of the worldsheet. Pinching a non-separating cycle occurs
in the limit q = e2πiτ → 0. One obstruction to dealing with this limit by simply taking
the residue at 0 of the integrand as a function in q is that the integrand is not an analytic
function in q because it has an Im(τ) in the denominator and the torus Szegö kernel
S1(zi, zj ; τ) also contains such a term:
S1(zi, zj ; τ) =
(
θ
′
1(zi − zj; τ)
θ1(z−zi; τ) + 4π
Im(zi−zj)
Im(τ)
)√
dzi
√
dzj . (4.4)
The term in the denominator of the integrand of (4.3) is actually not entirely correct
because it arises from disregarding the zero mode of the c ghost replacing it with a dz
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integration and discarding a dk momentum integration in the partition function [1], i.e.
Imτ−1 should be replaced with dkdz−1, what still keeps the modular invariance of the
amplitude intact. The behavior of S1 can be corrected by modeling the torus as a Riemann
sphere with a handle with ends located at two reference points σa and σb, i.e. we add these
two points as additional punctures, σa to the set with positive helicities and σb to the set
of negative helicities, modeled like in the separating case in terms of local coordinates by
(σ − σa)(σ − σb) = q. (4.5)
Then, because according to [14] all Szegö kernels are holomorphic in q for small enough q,
the integrand in (4.3) becomes a manifestly meromorphic function in q, and we can take
the residue in the pinching limit q → 0.
The asymptotic behavior of the Szegö kernels is [15, 16]:
S1,2(zi, zj ; τ)→ 1
2
S(σi, σj)
(√
S(σi, σa)S(σj , σb)
S(σi, σb)S(σj , σa)
+
√
S(σi, σb)S(σj , σa)
S(σi, σa)S(σj , σb)
)
+O(q),
S3,4(zi, zj ; τ)→ S(σi, σj)±√qS(σi, σa)S(σj , σb)S(σi, σb)S(σj , σa)
S(σi, σj)S(σa, σb)2
+O(q)
= S(σi, σj)±√qS(σi, σa)S(σj , σb)− S(σi, σb)S(σj , σa)
S(σb, σa)
+O(q),
(4.6)
in terms of the coordinates σ = e2πi(z−
τ
2
) on the Riemann sphere and where S(σi, σj) is
the Szegö kernel (3.10) for genus 0 6. For q → 0 the partition function behaves as ∼ q−1
and dτ ∼ dq/q such that the leading behavior of the integrand in (4.3) is controlled by the
term
dq
q2
∑
α=2,3,4
detΦαdetΦ˜α .
Because the Szegö kernels S1 and S2 have the same limit, the matrices Φ2 and Φ˜2
degenerate into matrices representing tree scattering of the n particles with vanishing de-
terminants, such that detΦ2detΦ˜2 ∼ q2 and the leading term for α = 2 does not contribute
at all to the amplitude. Regarding the matrices Φ3,4 and Φ˜3,4, the difference between the
O(1) limit of the Szegö kernel S1 and S3,4 seems to indicate that the matrices do not de-
generate in the q → 0 limit, but one can argue that in the leading term the dependence
on σa and σb is located purely in the asymptotic behavior (4.6) of S1 and the term cannot
depend on the actual value of σa and σb, and as the punctures σ = e
2πi(z−τ
2
) move away in
the limit, we can take the asymptotic behavior of S1 as independent of σa and σb (or in
the limit σa,b →∞) up to O(q):
S1(σi, σj ; τ)→ S(σi, σj) +O(q) (4.7)
6The limiting behavior of the torus Szegö kernels given here is more appropriate than the one stated in
[1].
such that the leading term of S1 coincides with the one of S3,4 and the matrices degenerate
again. But this time detΦ3,4detΦ˜3,4 ∼ q and the terms for α = 3, 4 provide non-vanishing
contributions by replacing a propagator between two particles with a pair of propagators
connecting these particles with one of the reference points σa,b. That leads to the interpre-
tation that there are two additional particles that are being scattered, one flowing from σa
to σb and the other one flowing from σb to σa with opposite momenta. We do the same in-
sertions (4.1) into (4.3) as in the separating case and also ’trade’ a δ(1−(tatb
√
dσa
√
dσb)
−1)
for an additional (volC∗)−1 [5], such that (4.3) becomes (also changing (volC∗)3 in the de-
nominator to (volC∗ GL(2,C)) because of ghost zero modes for a genus 0 worldsheet, and
also reverting to use z instead of σ for Riemann sphere coordinates):
M=
∫
d2λad
2˜λb
volC∗
∫
1
volGL(2,C)
∏
j∈{+,a}
∪{−,b}
dtj
t3j
∏
k∈{+,a}
δ2(λk−tkλ(zk))
∏
l∈{−,b}
δ2(λ˜l−tlλ˜(zl))
∑
α=3,4
lim
q→0
1
q
(
tatbdetΦα tatbdetΦ˜α
)
.
(4.8)
The last term can be represented more tellingly by noticing that the
√
q term of S3,4 in
(4.6) multiplies a subdeterminant of a matrix that arises from deleting a row and a column
of a tree scattering matrix, i.e. it is equal to the det′ operation in (3.9). Therefore,
lim
q→0
tatb√
q
detΦα ∼
∑
r,s∈{+}
r 6=s
tatbtrts [λ˜rλ˜s]
S(zr, za)S(zs, zb)− S(zr, zb)S(zs, za)
S(zb, za)
det′Φtree ,
lim
q→0
tatb√
q
detΦ˜α ∼
∑
l,m∈{−}
l6=m
tatbtltm〈λlλm〉S(zl, zb)S(zm, za)− S(zl, za)S(zm, zb)
S(za, zb)
det′Φ˜tree ,
where Φtree and Φ˜tree arise from Φα and Φ˜α by replacing all propagators with a propagator
S for genus 0, respectively. Under the support of the scattering equation for λa and λ˜b this
reduces to
lim
q→0
tatb√
q
detΦα ∼ 2
√
dzb
S(zb, za)
∑
r∈{+}
tatr [λ˜bλ˜r] S(zr, za) det
′Φtree ,
lim
q→0
tatb√
q
detΦ˜α ∼ 2
√
dza
S(za, zb)
∑
l∈{−}
tbtl 〈λaλl〉 S(zl, zb) det′Φ˜tree .
(4.9)
By introducing additional delta functions through
1 =
∫
d2˜λad
2λb δ
2(λb+λa) δ
2(λ˜a−λ˜b)
the interpretation of the particle exchange with opposite momenta becomes manifest.
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This shows explicitly that the one-loop scattering amplitude (4.3) for even spin struc-
tures has good factorization properties in the non-separating degeneration limit. But an
even more convincing result (required for establishing unitarity) would be if the limit co-
incided with a single unitary cut of a tree amplitude with n+ 2 particles, like
M
1−loop
k,n =
∫
d2λ0d
2λ˜0
volC∗
∫
dq
q2
Mtreek+1,n+2(q; {λi, λ˜i;λ0, λ˜0}i∈{−};{λj , λ˜j ;−λ0, λ˜0}j∈{+}) ,
where the subscript k,n means k particles with negative helicity and n − k particles with
positive helicity, and the q-dependence of Mtree refers to the modeling equation (4.5) with
the interpretation that in the limit q → 0 punctures become infinitely separated from the
puncture of the loop particle belonging to the other helicity set (’long handle’). Expressing
Mtree in terms of the homogenous coordinates σ = 1
t
(1, z) (not to be confused with the
earlier use of σ for Riemann sphere coordinates) the degeneration can be expressed by
scaling the second coordinate σ2a =
za
ta
∼ q− 12σ2a and σ2b ∼ q−
1
2σ2b when referring to the
(remote) loop location in scattering equations but not in propagators in the matrices due
to contractions between particles of the same helicity set. The scattering equations for λ0
and λ˜0 then become
λ0=
∑
i∈{−}
λi
(ia)
− λ0
(ba)
=
√
q
σ2a
∑
i∈{−}
λi
σ1i
+O(q) ,
λ˜0=
∑
i∈{+}
λ˜i
(ib)
+
λ˜0
(ab)
=
√
q
σ2b
∑
i∈{+}
λ˜i
σ1i
+O(q) ,
where we used the notation (ij) = σi · σj = σ1i σ2j − σ2i σ1j .
From this it follows that the following elements in the matrices scale as
√
q:
Φaj =
[0 j]
(a j)
=
√
q
1
σ2b
∑
i∈{+}
[i j]
σ1i (a j)
+O(q), j ∈ {+} ,
Φ˜b l =
〈0 l〉
(b l)
=
√
q
1
σ2a
∑
m∈{−}
〈ml〉
σ1m(b l)
+O(q), l ∈ {−} ,
with the notation [i j] = [λ˜iλ˜j ], 〈i j〉 = 〈λiλj〉. The amplitude then becomes
M
1−loop
k,n =
∫
d2λ0d
2˜λ0
volC∗
∫
1
volGL(2,C)
∏
j∈{+,a}
∪{−,b}
d2σj
∏
s∈{+,a}
δ2(λs−λ(σs))
∏
l∈{−,b}
δ2(λ˜l−λ˜(σl))
lim
q→0
1
q
(
det′Φtreen−k+1 det
′Φ˜treek+1
) (4.10)
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with
lim
q→0
1√
q
det′Φtreen−k+1=
1
σ2b
∑
i,j∈{+}
i6=j
[j i]
σ1j (a i)
det′Φtreen−k =
∑
i∈{+}
lim
(jb)→σ1
j
σ2
b
(∀j∈{+})
[0 i]
(a i)
det′Φtreen−k ,
lim
q→0
1√
q
det′Φ˜treek+1 =
1
σ2a
∑
l,m∈{−}
l6=m
〈l m〉
σ1l (bm)
det′Φ˜treek =
∑
m∈{−}
lim
(la)→σ1
l
σ2a
(∀l∈{−})
〈0m〉
(bm)
det′Φ˜treek ,
(4.11)
where Φtreen−k and Φ˜
tree
k are the n-particle tree amplitude matrices obtained from Φ
tree
n−k+1
and Φ˜treek+1 by deleting all entries referring to σa and σb and deleting the row and column
containing only zero entries, respectively.
Now, the equations in (4.9), when expressed in homogeneous coordinates, are exactly
the same as in (4.11), up to scaling factors proportional to za−zb (which can be viewed as
arising from ghost zero modes at the loop particle punctures absorbed into vol GL(2,C))
and taking the limit. Further, it can be said that the unitary cut can be extended for loop
particles from gravitons to gluons and fermions by noticing that in (3.11) the matrices
for a single gluon or spin 32 fermion look the same as for an additional graviton such that
(4.10) just would pick up as another factor the Parke-Taylor PT factor multiplied with
t2at
2
b , which is (ab)
−2 for a single gluon or fermion. The same factor would appear in (4.8)
because for these loop particles one would have to insert the corresponding on-shell fixed
vertex operators at za and zb [17]
7.
A similar procedure can be done on the torus with odd spin structure for a non-
separating factorization of the amplitude [1] (notice that, as mentioned in section 2, this
amplitude does not represent a proper gravitational amplitude):
M= δ4(
n∑
i=1
λiλ˜i)
∫
dτ d2λ0d
2λ˜0
volC∗
n∏
i=1
dtidzi
t3i
k∏
l=1
δ2(λ˜l−tlλ˜(zl))
n∏
r=k+1
δ2(λr−trλ(zr))∏
r∈{+}
Φrr detΦ1
∏
l∈{−}
Φ˜ll detΦ˜1 Z(τ) ,
(4.12)
where for l,m ∈ {−}, and r, s ∈ {+}:
Φ˜lm1 = Φ˜
lm
α = tltm 〈lm〉
S1(zl, zm; τ)√
dzldzm
, l 6= m,
Φ˜ ll1 = −tl 〈l0〉 −
∑
m6=l
Φ˜lm1 = −tl limz→zl〈lλ(z)〉 ,
7This was also true for the pure gravitational loop particles, but because of the simple form of the
vertex operators (2.2) they were fully taken care of by adjusting the scattering equations for two additional
particles at za and zb (compare with (4.14)).
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Φrs1 = Φ
rs
α = trts[rs]
S1(zr, zs; τ)√
dzrdzs
, r 6= s ,
Φrr1 = −tr[r0] −
∑
s 6=r
Φrs1 = −tr limz→zr [rλ˜(z)] ,
with notation similar to the NS one-loop amplitude (4.3)8. This time the torus can be
viewed as arising from sewing a cylinder to itself or a Riemann sphere to itself in twisted
fashion, using the modeling equation (4.5) expressed on the cylinder:
√
dzdza
Scyl(z − za)
√
dzdzb
Scyl(z − zb) = q . (4.13)
We want to show that the amplitude (4.12) can be obtained from the single unitary cut of
an n+ 2 particle tree amplitude on the cylinder.
In the q → 0 limit the Szegö kernel S1 behaves as in (4.6) but, again, the dependence on
σa and σb can be disregarded in the leading term, i.e. we use equation (4.7) again, taking
into account that S(σi, σj) = Scyl(zi, zj) for σ = e
2πiz . The determinants of the matrices
Φ1 and Φ˜1 vanish up to terms that multiply the zero modes λ˜0 and λ0, respectively. Again,
we make the interpretation that there are two additional particles scattered between σa
and σb with opposite momenta, and we insert two on-shell fixed vertex operators (2.4), one
at za and one at zb, leading to the insertion:
1 =
∫
dtadtb
volC∗
δ
(
tatb − 1√
dza
√
dzb
)[
ta[λ˜aλ˜(za)] tb〈λbλ(zb)〉+ · · ·
]
, (4.14)
where λ˜a and λb are the same as λ˜0 and λ0 up to a factor soon to be determined and where
· · · stands for additional factors from on-shell vertex operators making up a complete set
of physical states. We skip the additional states for now and mention them again at the
end. The scattering equations can then be changed to
λj = tjλ0 +
∑
i∈{−}
tjtiλi
S1(zj , zi; τ)√
dzj
√
dzi
→ tjλ0 +
∑
i∈{−}
tjtiλi
√
σjσi
σj − σi +O(q) =
tjtbλb
−√σb +
∑
i∈{−}
tjtiλi
√
σjσi
σj − σi +O(q) ∼
∑
i∈{−,b}
tjtiλi
Scyl(zj , zi)√
dzjdzi
+O(q),
λ˜j = tj λ˜0 +
∑
i∈{+}
tjtiλ˜i
S1(zj , zi; τ)√
dzj
√
dzi
→ tjλ˜0 +
∑
i∈{+}
tjtiλ˜i
√
σjσi
σj − σi +O(q) = (4.15)
8In [1] the products of the diagonal matrix elements were missing because the wrong vertex operators
(3.1) (appropriate for the NS sector) instead of (3.3) (appropriate for the R sector) were used although this
does not affect the factorization properties critically. Notice that compared to the NS sector here the zero
mode fields d2λ0 and d
2λ˜0 replace the factor Imτ
−1 ∼ dkdz−1.
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tjtaλ˜a
−√σa +
∑
i∈{+}
tjtiλ˜i
√
σjσi
σj − σi +O(q) ∼
∑
i∈{+,a}
tjtiλ˜i
Scyl(zj , zi)√
dzjdzi
+O(q),
where we identify λ0 with λb = −λa up to a scale − tb√σb and λ˜0 with λ˜a = λ˜b up to a scale
− ta√
σa
, together with the understanding that for q→ 0 σa is infinitely far away from the
punctures with negative helicity and σb infinitely far away from the punctures with positive
helicity. This way we end up with modified scattering equations for the external particles
that involve the new particles on the right hand side. We add scattering equations for the
new particles themselves by making the replacement
d2λ0 d
2˜λ0 δ
4(
n∑
i=1
λ˜iλi) → d2λa d2˜λb δ2(λa−taλ(za)) δ2(λ˜b−tbλ˜(zb)) .
This can be done because now we have scattering equations for all particles (including the
additional a and b particles) and on their support a delta function expressing momentum
conservation can be factored out. This momentum conservation is for all particles, but
reduces to only external particles as well because of the condition λ˜aλa + λ˜bλb = 0. Based
on (4.13) and above identifications for λ0 and λ˜0 we replace in Φ1 every term −tr[r0]
with −trta[λ˜rλ˜b]√q Scyl(zr−za)√dzrdza and in Φ˜1 every term −tl 〈l0〉 with −tltb 〈λlλa〉
√
q
Scyl(zl−zb)√
dzldzb
in cylinder coordinates. Like in the NS sector case we get, this time on the cylinder and
including the factor ta[λ˜bλ˜(za)]tb〈λaλ(zb)〉 from (4.14) under the support of the scattering
equations:
M=
∫
d2λad
2˜λb
volC∗
∫
1
volGL(2,C)
∏
j∈{+,a}
∪{−,b}
dtjdzj
t3j
∏
k∈{+,a}
δ2(λk−tkλ(zk))
∏
l∈{−,b}
δ2(λ˜l−tlλ˜(zl))
(∑
r∈{+}
trta[λ˜rλ˜b]
Scyl(zr−za)√
dzrdza
)2∏
s∈{+}
Φtrssdet
′Φtr
(∑
l∈{−}
tltb 〈λlλa〉Scyl(zl−zb)√
dzldzb
)2∏
k∈{−}
Φ˜trkkdet
′Φ˜tr
,
(4.16)
where Φtr = Φtree and Φ˜tr = Φ˜tree arise from Φ1 and Φ˜1 by replacing all propagators with
a propagator for genus 0, respectively, and by deleting the terms containing the zero modes
λ0 and λ˜0. Particle exchange with opposite momenta is then guaranteed by inserting
1 =
∫
d2˜λad
2λb δ
2(λb+λa) δ
2(λ˜a−λ˜b) .
This should coincide with a single unitary cut of a tree amplitude with n+ 2 particles
like in (4.10), on the cylinder
M
1−loop
k,n =
∫
d2λ0d
2λ˜0
volC∗
∫
dq
q2
Mtreek+1,n+2(q; {λi, λ˜i;λ0, λ˜0}i∈{−};{λj , λ˜j ;−λ0, λ˜0}j∈{+}) ,
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Mtreek,n =
∫ ∏
{+}Φtrssdet
′Φtr
∏
{−}Φ˜trll det
′Φ˜tr
volGL(2,C)
∏
j∈{+}
∪{−}
dtjdzj
t3j
∏
s∈{+}
δ2(λs−tsλ(zs))
∏
l∈{−}
δ2(λ˜l−tlλ˜(zl)),
(4.17)
where the subscript k,n means k particles with negative helicity and n − k particles with
positive helicity, and the q-dependence of Mtree refers to the modeling equation (4.13),
again with the interpretation that in the limit q → 0 the puncture locations become
infinitely separated from the puncture of the loop particle belonging to the other helicity
set, like in (4.15). Repeating the procedure done above for the even spin structure case it
is straightforward to see that in the scaling limit M1−loopk,n indeed agrees with (4.16): the
amplitude becomes
M
1−loop
k,n =
∫
d2λ0d
2˜λ0
volC∗
∫
1
volGL(2,C)
∏
j∈{+,a}
∪{−,b}
dtjdzj
t3j
∏
s∈{+,a}
δ2(λs−tsλ(zs))
∏
l∈{−,b}
δ2(λ˜l−tlλ˜(zl))
lim
q→0
1
q
 ∏
s∈{+,a}
Φtrn−k+1ssdet
′Φtrn−k+1
∏
l∈{−,b}
Φ˜trk+1 lldet
′Φ˜trk+1

(4.18)
with
lim
q→0
∏
{+,a}Φtrn−k+1ss√
q
det′Φtrn−k+1= lim
zb−zj→zb
(∀j∈{+})
(∑
i∈{+}
tati[0 i]
Scyl(za−zi)√
dzadzi
)2∏
s∈{+}
Φtrn−k ss det
′Φtrn−k ,
lim
q→0
∏
{−,b}Φ˜k+1 ll√
q
det′Φ˜trk+1 = lim
za−zm→za
(∀m∈{−})
(∑
l∈{−}
tbtl 〈0 l〉 Scyl(zb−zl)√
dzbdzl
)2∏
l∈{−}
Φ˜trk ll det
′Φ˜trk , (4.19)
where Φtrn−k and Φ˜
tr
k are the n-particle tree amplitude matrices obtained from Φ
tr
n−k+1
and Φ˜trk+1, as in the even spin structure case, by deleting all entries referring to σa and
σb and deleting the row and column containing only zero entries, respectively. This in-
deed matches (4.16) when taking the limit. Again, other loop particles can be added by
inserting the appropriate fixed vertex operators, in (4.14) and in the
∏
{±} factors of (4.17).
Therefore, the single unitary cut of an n+2 particle tree amplitude, when performed in
the scaling limit where in the scattering equations the remote location of the loop particle
becomes infinitely separated from all punctures belonging to the other helicity set, can
indeed be identified with the one-loop amplitude in the non-separating degeneration limit.
The recipe to calculate an n-particle one-loop amplitude in the non-separating degener-
ation limit from an n + 2-particle tree amplitude (one additional particle per helicity) is
to solve the scattering equations for n+ 2 particles and plugging the result into equations
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(4.11) and (4.10) in the NS sector and into (4.19) and (4.18) in the R sector. In appendix
B it is shown that this recipe leads to the expected one-loop amplitude for four external
gravitons in the NS sector.
5 String Field Theory
In this section we want to sketch the construction of a String Field Theory (SFT) for our
model, following the exposition in [7] and [6]. It will look similar to the SFT of the am-
bitwistor string in 10 dimensions [7], but it is more complicated because of the proliferation
of ghost fields.
We have to decide in which picture numbers and ghost numbers to work. In our model
the bosonic antighost-ghost pairs do not switch boundary conditions and have conformal
weight 1 and 0. When doing the bosonization of one of these ghosts (see appendix A)
the operator e−
1
2
ϕ that switches picture number 0 to −12 has conformal weight 18 which
adds up to 4 with all 32 bosonic ghosts and would give trouble for coming up with a
proper conformal dimension of vertex operators. On the other hand, the operator e−ϕ that
switches picture number 0 to -1 has conformal weight 0. Therefore, we will assume that
vertex operators in the R sector always create cuts in pairs. This way, vertex operators in
both (NS and R) sectors are in picture number -1 for every bosonic ghost. Regarding the
ghost number we take all vertex operators for on-shell external states in ghost number 1
for every fermionic ghost. For later use,
by H we denote the small Hilbert space of all CFT states (see appendix A),
by H0 the subspace of states in picture number -1 for every bosonic ghost,
by H˜0 the subspace of states in picture number 0 for every bosonic ghost,
by H1 the subspace of H0 with ghost number 1 for every fermionic ghost, and
by H˜1 the subspace of H˜0 with ghost number 0 for every fermionic ghost except for the c
ghost with ghost number 1.
Like in [6] we denote by Mg,m,n the (3g − 3 + m + n) dimensional moduli space of
genus g Riemann surfaces Σg,m,n with m NS and n R punctures. In order to define off-shell
amplitudes we also define the space P˜g,m,n with the structure of a fiber bundle, whose
base is Mg,m,n and whose fiber is parametrized by the possible choices of a local coordinate
system around each puncture and the possible choices of PCO locations on the Riemann
surface. For 2g− 2+m+n > 0, the Riemann surface Σg,m,n can be regarded as a union of
m+ n disks {Dα}, one around each puncture, and 2g− 2 +m+ n spheres {Si}, each with
3 holes, joined along 3g − 3 + 2(m+ n) circles {Cs}9. By {ui, yα} we denote a coordinate
system for P˜g,m,n where the ui parametrize the Riemann surface and local coordinates
around the punctures and the yα are the locations of the g − 1 +m+ n PCOs, in analogy
9For 2g − 2 +m+ n ≤ 0 a single sphere with up to two holes is sufficient.
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to [6]. Associated with infinitesimal motions in P˜g,m,n are tangent vectors
∂
∂yα
for changes
in the PCO locations and ∂
∂ui
for deformations of coordinate transition functions Fs on
overlap circles {Cs}. We define, in analogy to [7] and [6],
B[
∂
∂ui
] =
∑
s
∮
Cs
∂Fs
∂ui
dσsb(σs),
H [
∂
∂ui
] =
∑
s
∮
Cs
∂Fs
∂ui
dσs~h(σs) · δ¯
(∑
s
∮
Cs
∂Fs
∂ui
dσs{Q,~h(σs)}
)
,
F [
∂
∂ui
] =
∏
i,j,α˙,α
(∑
s
∮
Cs
∂Fs
∂ui
dσsfijα˙α(σs)
)
δ¯
(∑
s
∮
Cs
∂Fs
∂ui
dσs{Q, fijα˙α(σs)}
)
,
B˜[
∂
∂ui
] = H[
∂
∂ui
]F [
∂
∂ui
],
and use this definition to construct on P˜g,m,n a p-form Ω
(g,m,n)
p ({Ki}, {Lj}) for (potentially
off-shell) m NS and n R vertex operators {Ki} and {Lj} inserted at the punctures corre-
sponding to states in H0, to be integrated over a p-dimensional subspace of P˜g,m,n. It is
defined by contracting it with p arbitrary tangent vectors of P˜g,m,n:
Ω(g,m,n)p ({Ki}, {Lj})[
∂
∂ui1
, · · · , ∂
∂uik
,
∂
∂yαk+1
, · · · , ∂
∂yαp
] = (−2πi)−(3g−3+m+n)
〈
k∏
j=1
B[
∂
∂uij
]
g−1+m+n∏
i=1
i∈{i1,··· ,ik}
B˜[
∂
∂ui
]
p∏
q=k+1
 32∑
l∈{ β˙β
rst
}
−∂ξℓ(yαq)
χℓ(yαq)
g−1+m+n∏
α=1
χ(yα)K1 · · ·Km, L1, · · · , Ln
〉
Σg,m,n
,
(5.1)
where χ(yα) and χℓ(yα) are PCOs (A.2) and dividing by χℓ(yα) means skipping this factor
in χ(yα) at the same location. This expression is evaluated at some specific point of
P˜g,m,n, depending on the choice of local coordinates and PCO locations. 〈· · ·〉Σg,m,n stands
for the correlation function on the Riemann surface Σg,m,n. Because of ghost number
conservation, Ω
(g,m,n)
p ({Ki}, {Lj}) does not vanish only when the total ghost number inside
the correlation is equal to 22(1− g). On the other hand, picture numbers are conserved by
design.
We now define off-shell amplitudes as∫
Sg,m,n
Ω
(g,m,n)
3g−3+m+n(K1, · · · ,Km, L1, · · · , Ln) ,
where Sg,m,n is a section of P˜g,m,n
10. Without proof we assume that these amplitudes,
10When g = 0, Ω
(g,m,n)
3g−3+m+n should be replaced with Ω
(0,m,n)
−1+m+n and the product
∏k
j=1
B in the correlation
of (5.1) with
∏k
j=3
B. Henceforth, we assume this replacement is done implicitly in all formulas containing
a sum over Ω
(g,m,n)
3g−3+m+n starting at g = 0.
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when the external states are on-shell, reduce to the usual on-shell amplitudes and are in-
dependent of the choice of the section Sg,m,n. We also assume that these amplitudes share
the analogous properties of the off-shell amplitudes of the superstring defined in [6], re-
quired to define a consistent string field theory. The main difference between the off-shell
amplitudes of our model and the ones of the superstring are the non-local operators B˜ (a
complication) and the fact that all vertex operators are in picture number -1 for both the
NS and R sector (a simplification). In [7] similar non-local operators are introduced for
the ambitwistor string field theory, but the situation there looks simpler because the only
fermionic ghost system beyond the b−c system has the same conformal weights.
As in [6] we denote by R¯g,m,n the section segments of the elementary vertices at genus
g with m and n external legs in the NS and R sector, respectively, and define
{K1, · · · ,Km, L1, · · · , Ln} =
∞∑
g=0
ggs
∫
R¯g,m,n
Ω
(g,m,n)
3g−3+m+n(K1, · · · ,Km, L1, · · · , Ln) , (5.2)
where gs is the string coupling. The string field action then becomes
S =
1
gs
[
1
2
〈Ψ˜|Q |Ψ〉+
∞∑
n=1
{Ψn}
]
,
where |Ψ〉 is an element of H0, |Ψ˜〉 one of H˜0, and 〈Ψ˜| is the BPZ conjugate of |Ψ˜〉. Instead
of R¯g,m,n one can consider the section segments Rg,m,n of the 1PI elementary vertices at
genus g with m NS and n R external legs, constructed using plumbing of only separated
Riemann surfaces, define the multilinear functions {K1, · · · ,Km, L1, · · · , Ln} as in (5.2),
but with Rg,m,n replacing R¯g,m,n, and then define the 1PI action
S =
1
gs
[
1
2
〈Ψ˜|Q |Ψ〉+
∞∑
n=1
{Ψn}
]
,
which leads to the classical action as restriction of {Ψn} to genus 0:
Scl =
1
gs
[
1
2
〈Ψ˜|Q |Ψ〉+
∞∑
n=3
{Ψn}0
]
,
where now |Ψ〉 can be taken as an element of H1 and |Ψ˜〉 one of H˜1.
Again, it is assumed that the multilinear functions { · · · } and {· · · } and the actions
have the right properties to define a consistent string field theory including satisfying the
quantum BV master equation. To prove or disprove this, is beyond the scope of this pa-
per. It would be interesting to compare this action with similarly looking twistor actions
introduced in the literature (for a review see [8]).
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6 Summary and Outlook
In this paper we have investigated some properties of the anomaly free twistor string in
more detail. The spectrum in the NS sector has a graviton leading to proper gravitational
amplitudes. In the R sector the spectrum is similar to the one for conformal supergrav-
ity of the Berkovits-Witten twistor string, enhanced by being multiplied with an SU(2)
representation of the bi-twistor, but without the states thought of spoiling unitarity and
without the requirement to be in an adjoint representation of a super multiplet. Part of
the spectrum for spin 12 fermions can be chosen to look like 3 generations of fermionic
content of the Pati-Salam model [4]. All helicity states have double occurrence, reflecting
the symmetry between matter fields and their duals. Scattering amplitudes with external
gravitons and vector bosons have been calculated in the NS sector and they match the
EYM amplitudes of [5]. All tree and one-loop amplitudes of [1] have been confirmed to
exhibit proper unitary factorization. In appendix B the one-loop amplitude with four ex-
ternal gravitons has been explicitly calculated in the non-separating degeneration limit and
verified to replicate the expected result. Finally, the construction of a string field theory
similar to the one for the conventional ambitwistor string in 10 dimensions [7, 6] has been
proposed.
Among the many open issues we only list a few obvious ones and one farfetched one:
• The SFT construction proposed in section 5 needs to be put on rigorous mathematical
ground with many more details worked out. In particular, consistency, UV finite-
ness, and unitarity need to be established. That the model has proper factorization
properties and modular invariance up to the one-loop level is a promising starting
point.
• If the SFT exists as a consistent theory, does the model have physical significance?
The classical limit would need to be understood more deeply. In particular, can a
connection with general relativity be established? The fact that it leads to expected
EYM scattering amplitudes is a hopeful sign.
• Usually, black hole physics is used as a playground for quantum gravity theories.
What does the model have to say about black hole properties like the information
paradox phenomenon? Because the target space is twistor space, black holes might
need to be modeled in that space, e.g. as non-Hausdorff reduced twistor spaces
[18, 19]. Is it feasible to consider the twistor string on such unusual background?
• A final, rather speculative item: Is there a connection between the SFT (if it exists)
and loop quantum gravity (LQG)? The twistorial interpretation of LQG [20] works
with a pair of twistors, together with a simplicity constraint and an area matching
condition. The former looks like a gauged complex incidence relation and the latter
like a scaling symmetry between the two twistors, which both could be mapped into
our model. But is there more to it than just this correspondence?
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A Basic String Properties
The twistor fields (λiα,µ
α˙
i ), (µ˜
α
i ,λ˜iα˙)(i=1,2) and fermionic fields (φiα,ψ
α˙
i ),(ψ˜
α
i , φ˜iα˙) (i=1,2)
have the mode expansion:
λiα =
∑
n
λiα nz
−n− 1
2 , µα˙i =
∑
n
µα˙i nz
−n− 1
2 , µ˜αi =
∑
n
µ˜αi nz
−n− 1
2 , λ˜iα˙ =
∑
n
λ˜iα˙ nz
−n− 1
2 ,
φiα =
∑
n
φiα nz
−n− 1
2 , ψα˙i =
∑
n
ψα˙i nz
−n− 1
2 , ψ˜αi =
∑
n
ψ˜αi nz
−n− 1
2 , φ˜iα˙ =
∑
n
φ˜iα˙ nz
−n− 1
2 ,
with n ǫZ in the R sector and n ǫZ+ 12 in the NS sector. The ghost system consists of 20
fermionic (b, c), (~h,~g), (fij α˙α, e
α˙α
ij ) and 32 bosonic (βkij αα˙, γ
αα˙
kij) anti-ghost and ghost fields.
(b, c) has conformal weight (2,−1) and all other anti-ghost ghost pairs have conformal
weight (1, 0). Henceforth we will sometimes drop the α and α˙ indices when their presence
is implicitly clear. The (βkij , γkij) can be bosonized as
γkij =:ηkij e
ϕkij :, βkij =:∂ξkij e
−ϕkij :, δ(γkij) =:e−ϕkij :, δ(βkij) =:eϕkij :,
where ηkij, ξkij are fermions of conformal weights 1 and 0, respectively, and ϕkij is a scalar
with background charge −12 .
The ghost fields have the mode expansion
c =
∑
n
cnz
−n+1, b =
∑
n
bnz
−n−2, ~g =
∑
n
~gnz
−n, ~h =
∑
n
~hnz
−n−1,
eij =
∑
n
eijnz
−n, fij =
∑
n
fijnz
−n−1, γkij =
∑
n
γkijnz
−n, βkij =
∑
n
βkijnz
−n−1,
ηkij =
∑
n
ηkijnz
−n−1, ξkij =
∑
n
ξkijnz
−n,
with n ǫZ.
The vacuum is annihilated for n > 0 by
λi n |0〉 = 0, µi n |0〉 = 0, λ˜i n−1
2
|0〉 = 0, µ˜i n−1
2
|0〉 = 0,
φi n |0〉 = 0, ψi n |0〉 = 0, φ˜i n−1
2
|0〉 = 0, ψ˜i n−1
2
|0〉 = 0,
cn+1 |0〉 = 0, bn−2 |0〉 = 0, ~gn |0〉 = 0, ~hn−1 |0〉 = 0,
eij n |0〉 = 0, fij n−1 |0〉 = 0, γkij n |0〉 = 0, βkij n−1 |0〉 = 0.
We shall be working in the so called ’small Hilbert space’ (denoted by H) with the zero
modes ξkij 0 of the ξkij fields missing from the spectrum. This means that the states are
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annihilated by ηkij 0s. The nilpotent BRST operator is Q =
∮
dzjB(z), where the BRST
current jB(z) is (with implicit summation over repeated indices)
jB(z) = c(z)
(
T (z) +
1
2
Tb,c(z) + Tf,e(z) + Tβ,γ(z) + Th,g(z)− 1
z2
)
+ e
α˙iαj
ij (z)Fij α˙iαj (z) + γ
αiβ˙j
1ij (z)G1ij αiβ˙j(z) + γ
α˙iβj
2ij (z)G2ij α˙iβj(z) + ~g(z) · ~H(z)
+
i
2
:~g(z) · (~g(z)× ~h(z)) : +~g(z) ·
(
~Hf,e(z) + ~Hβ,γ(z)
)
,
where
∮
is normalized to
∮ dz
z
= 1 and the various currents are defined as11
T (z) =
1
2
:
[
〈λi(z)(∂µ˜i)(z)〉 − 〈µ˜i(z)(∂λi)(z)〉+ [µi(z)(∂λ˜i)(z)] − [λ˜i(z)(∂µi)(z)]
]
:
− 1
2
:
[
〈φi(z)(∂ψ˜i)(z)〉+ 〈ψ˜i(z)(∂φi)(z)〉+ [ψi(z)(∂φ˜i)(z)] + [φ˜i(z)(∂ψi)(z)]
]
: ,
Tb,c(z) = − : (b(z)∂c(z) + ∂(b c)(z)) : ,
Tf,e(z) = − :fij α˙iαj (z)(∂eα˙iαjij )(z) : ,
Tβ,γ(z) = − :
(
β1ij αiβ˙j(z)(∂γ
αi β˙j
1ij )(z) + β2ij α˙iβj(z)(∂γ
α˙iβj
2ij )(z)
)
:
= − :ηkij(z)(∂ξkij)(z) : −1
2
:
(
(∂ϕkij)(z)
2 + (∂2ϕkij)(z)
)
: ,
Th,g(z) = − :~h(z) · (∂~g)(z) : ,
Fij α˙iαj (z) = −λ˜iα˙i(z)λjαj (z) ,
G1ij αiβ˙j (z) = λiαi(z)φ˜jβ˙j (z) ,
G2ij α˙iβj (z) = −λ˜iα˙i(z)φjβj (z) ,
~H(z) = − :
(
〈(µ˜1(z)µ˜2(z))~τ
(
λ1(z)
λ2(z)
)
〉+ [(λ˜1(z)λ˜2(z))~τ
(
µ1(z)
µ2(z)
)
]
)
: , (A.1)
~Hf,e(z) = − : (ei1(z)ei2(z))~τ
(
fi1(z)
fi2(z)
)
: − : (f1i(z)f2i(z))~τ
(
e1i(z)
e2i(z)
)
: ,
~Hβ,γ(z) = − : (γ11j(z)γ12j(z))~τ
(
β11j(z)
β12j(z)
)
: − : (β21j(z)β22j(z))~τ
(
γ21j(z)
γ22j(z)
)
: .
The vacuum is normalized to
〈0| c−1c0c1
3∏
k=1
gi0
2∏
i,j=1
2∏
α,α˙=1
(
eα˙αij 0e
−ϕα˙α1ij (0)e−ϕ
αα˙
2ij (0)
)
|0〉 = 1 .
11On a side note, the gauged action can be regained from the energy-momentum current as S =
− 1
2pi
∫
d2z[T (z) + Tb,c(z) + Tf,e(z) + Tβ,γ(z) + Th,g(z)]∂→∂¯ .
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The total (ghost,picture) number inside the vacuum normalization is (22,-32). The picture
changing operator is
χ(z) =
2∏
i,j=1
2∏
α,α˙=1
χα˙α1ij(z)χ
α˙α
2ij(z), (A.2)
χα˙α1ij(z) = {Q, ξα˙α1ij (z)} = c(z)∂ξα˙α1ij (z) + eϕ
α˙α
1ij (z)Gα˙α1ij(z) +
∮
dw~g(w){ ~Hβ,γ(w), ξα˙α1ij (z)},
χα˙α2ij(z) = {Q, ξαα˙2ij (z)} = c(z)∂ξαα˙2ij (z) + eϕ
αα˙
2ij (z)Gαα˙2ij(z) +
∮
dw~g(w){ ~Hβ,γ(w), ξαα˙2ij (z)} .
Physical states are in the cohomology of the BRST charge. The vacuum normalization
shows single occurrence for ghosts with conformal weight 0 such that the Hilbert space
needs to include physical states with ghost number 0 for fermionic ghosts except c and
picture number 0 for bosonic ghosts12, and such states need to be annihilated by the
nonnegative (in particular, the zero) modes of the currents ~H,Fij , G1ij , and G2ij . This
includes states built with only modes from the λi, λ˜j , φk, and φ˜l fields, with no modes from
µr, µ˜s, ψt, and ψ˜u. They are (with no implicit summation over repeated indices) in the NS
sector:
ǫijαβ1 λiα−1
2
λjβ− 1
2
, ǫijαβ2 λiα−1
2
φjβ−1
2
, ǫijαβ˙3 λiα−1
2
φ˜jβ˙−1
2
, ǫijαβ4 φiα−1
2
φjβ−1
2
,
ǫijα˙β˙5 λ˜iα˙−1
2
λ˜jβ˙−1
2
, ǫijα˙β˙6 λ˜iα˙−1
2
φ˜jβ˙−1
2
, ǫijα˙β7 λ˜iα˙−1
2
φjβ−1
2
, ǫijα˙β˙8 φ˜iα˙−1
2
φ˜jβ˙−1
2
,
ǫijαβ˙9 λiα−1
2
λ˜jβ˙−1
2
, ǫijαβ˙10 φiα−1
2
φ˜jβ˙− 1
2
,
(A.3)
where the ǫk are constants, and in the R sector:
[λ˜i−1fi(· · · )], 〈λi−1gi(· · · )〉 , [φ˜i−1f(· · · )], 〈φi−1g(· · · )〉 ,
where f α˙i , g
α
i ,f
α˙, and gα are functions of zero modes λjβ 0, µ
β˙
k 0, φrδ 0, and ψ
δ˙
s 0, with µ
β˙
k 0
and ψδ˙s 0 ultimately set to zero or reduced to λjβ 0 and φrδ 0 using gauge transformations.
The functions must be chosen such that
[
∂
∂µi 0
fi(· · · )] = 0, 〈λi 0gi(· · · )〉 = 0, [ ∂
∂ψi 0
f(· · · )] = 0, 〈φi 0g(· · · )〉 = 0,
and additionally the functions fi and f have to be homogeneous of degree 1 and gi and
g homogeneous of degree -1. The first and third condition seem unnecessary by using
functions of λjβ 0 and φrδ 0 only, but in section 2, where we use a similar form to define
fixed vertex operators but in ghost number 1 for every fermionic ghost and picture number
−1 for every bosonic ghost, we allow functions f α˙i , gαi ,fα˙, and gα to be functions of all
matter fields, and then they need to satisfy all four conditions.
12In section 5 the corresponding Hilbert space is denoted by H˜1.
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Finally, in both sectors the states have to be gauge-invariant with respect to the SU(2)
symmetry of the bosonic twistors, i.e. annihilated by ~Hn for n ≥ 0. E.g. ∑i λ˜iα˙−1f α˙i can
be chosen as an SU(2) singlet if λ˜i and fi transform inverse under SU(2) transformations.
In the R sector there can be many possible SU(2) representations because the number of
zero mode twistors is not predetermined.
Because our target space includes the dual twistor space in a symmetric fashion, we
have to add the dual physical states in the R sector, but in order to do that we have to
double the Hilbert space in the R sector and in the new half switch the zero mode matter
operators that annihilate the vacuum to the dual ones:
λi n−1
2
|0〉 = 0, µi n−1
2
|0〉 = 0, λ˜i n |0〉 = 0, µ˜i n |0〉 = 0,
φi n−1
2
|0〉 = 0, ψi n−1
2
|0〉 = 0, φ˜i n |0〉 = 0, ψ˜i n |0〉 = 0,
for n > 0. Physical states in the BRST cohomology residing in the dual part of the Hilbert
space are now:
〈λi−1f˜i(· · · )〉 , [λ˜i−1g˜i(· · · )], 〈φi−1f˜(· · · )〉 , [φ˜i−1g˜(· · · )],
where f˜αi , g˜
α˙
i , f˜
α, and g˜α˙ are functions of λ˜jβ˙ 0, µ˜
β
k 0, φ˜rδ˙ 0, and ψ˜
δ
s 0, with µ˜
β
k 0 and ψ˜
δ
s 0
ultimately set to zero or reduced to λ˜jβ˙ 0 and φ˜rδ˙ 0 using gauge transformations, and must
be chosen such that
〈 ∂
∂µ˜i 0
f˜i(· · · )〉 = 0, [λ˜i 0g˜i(· · · )] = 0, 〈 ∂
∂ψ˜i 0
f˜(· · · )〉 = 0, [φ˜i 0g˜(· · · ) = 0,
and, of course, additionally the states have to be gauge-invariant with respect to SU(2), f˜i
and f˜ homogenous of degree 1, and g˜i and g˜ homogeneous of degree -1.
Notice that in [1] the assignment of the zero modes annihilating the vacuum was dif-
ferent: λi0 |0〉 = λ˜j0 |0〉 = 0. This poses a problem for a particle interpretation using plane
waves with the zero modes providing the momentum, i.e. the vertex operators in section
2 for the R sector would not be usable.
B Four-Point One-Loop Graviton Amplitude from Single
Cut
Here it will be shown that the four-graviton one-loop MHV amplitude in the non-separating
factorization limit leads to the expected result found in the literature. For this we use the
solution set for the 6-particle scattering equations with equal number of positive and neg-
ative helicities provided in appendix C of [21], but with zero BCFW shift. The particles
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are partitioned into an L = {1, 2} set of negative helicities, an R = {3, 4} set of posi-
tive helicities, and two auxiliary punctures {−,+} for the loop particle, with scattering
equations
λ0 =
∑
l∈L
λl
(+l)
, λ˜0 =
∑
r∈R
λ˜r
(−r)
for the auxiliary punctures, and
λr =
∑
l∈L
λl
(rl)
+
λ0
(r−) , λ˜l =
∑
r∈R
λ˜r
(lr)
− λ˜0
(l+)
for the remaining particles. The solutions in terms of homogeneous coordinates σ, after
gauge fixing particles 1 and 2 to σ = (1, 0) and σ = (0, 1), respectively, are:
σ =
1 0 [34]〈12〉〈1|3+0|4] − [34]〈12〉〈1|4+0|3] 〈12〉〈10〉 〈2|3+0|4]〈2|4+0|3][20]P 2034〈12〉[03][04]
0 1 [34]〈12〉〈2|3+0|4] − [34]〈12〉〈2|4+0|3] 〈12〉〈20〉 〈1|3+0|4]〈1|4+0|3][01]P 2034〈12〉[03][04]
 ,
where the columns are labeled 1,2,3,4,+,-, P034 =
1√
2
(λ0λ˜0+λ3λ˜3+λ4λ˜4), and the notation
〈i| j + 0|k] = 〈ij〉 [jk] + 〈i0〉 [0k] has been used. Then the scattering amplitude (4.10) is
M
1−loop
2,4 = δ
4(P )
∫
d2λ0d
2˜λ0
volC∗
∑
i∈L
j∈R
lim
(la)→σ1
l
σ2a
(∀l∈{−})
lim
(jb)→σ1
j
σ2
b
(∀j∈{+})
J
〈12〉 [34]
(12)(34)
〈0 i〉
(− i)
[0 j]
(+ j)
,
where the Jacobian J is
J=
[34]8 〈12〉8
P 2034 〈1| 3 + 0|4] 〈1| 4 + 0|3] 〈2| 3 + 0|4] 〈2| 4 + 0|3][03]2 [04]2 〈01〉2 〈02〉2
.
The part of the integrand not involving the loop particle combines simply to:
J
〈12〉 [34]
(12)(34)
=
[34]6 〈12〉6
(P 2034)
2[03]2[04]2 〈01〉2 〈02〉2 .
For the rest of the integrand we apply the limits:
(4−) = [3 4]
[0 3]
∼= σ14σ2− = −
[3 4][0 1] 〈1| 3 + 0|4]
P 2034[0 3][0 4]
and use permutations (3↽⇀ 4) and (1↽⇀ 2), leading to
〈1| 3 + 0|4] ∼= −P
2
034[0 4]
[0 1]
, 〈1| 4 + 0|3] ∼= −P
2
034[0 3]
[0 1]
,
〈2| 3 + 0|4] ∼= −P
2
034[0 4]
[0 2]
, 〈2| 4 + 0|3] ∼= −P
2
034[0 3]
[0 2]
.
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Then
(− 1) = −〈1| 3 + 0|4] 〈1| 4 + 0|3][0 1]
P 2034 〈12〉 [03][04]
∼= − P
2
034
〈1 2〉 [0 1] ,
(+ 3) = − [3 4]
2 〈1 2〉3 〈0 3〉
〈2| 3 + 0|4] 〈1| 3 + 0|4] 〈1 0〉 〈2 0〉
∼= − [3 4]
2 〈1 2〉3 〈0 3〉 [0 1][0 2]
(P 2034)
2[0 4]2 〈0 1〉 〈0 2〉 ,
with similar equations for (− 2) and (+ 4) and the amplitude becomes
M
1−loop
2,4 = δ
4(P )
∫
d2λ0d
2˜λ0
volC∗
∑
i∈L
j∈R
[3 4]4 〈1 2〉4
P 2034 〈0 i〉 [i 0] 〈0 j〉 [j 0]
∼= δ4(P )
∫
d4ℓ
[3 4]4 〈1 2〉4
ℓ2(ℓ+ k1)2(ℓ+ k1 + k2)2(ℓ− k3)2 + perm(1 ↽⇀ 2, 3 ↽⇀ 4) .
This is [3 4]2〈1 2〉2 times the result for the one-loop N = 4 SYM amplitude obtained in
appendix C of [21] and is the expected result [22]13.
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